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Voorwoord

De positie van de wiskunde in Nederland heeft in de afgelopen maan-
den veel aandacht gekregen. Op 18 april 2002 presenteerden de wiskundige
onderzoekscholen de nota Nieuwe dimensies, ruimer bereik, waarin gepleit
wordt voor een versterking van het wiskundig onderzoek in Nederland, on-
danks de teruglopende studentenaantallen. Die studentenaantallen vormen
een bedreiging voor het voortbestaan van de negen wiskundeopleidingen die
ons land rijk is. Dat de kwaliteit van de opleidingen over het algemeen goed
is bleek uit het rapport van de onderwijsvisitatiecommissie voor de wiskunde
dat op 25 juni 2002 werd aangeboden aan de voorzitter van de VSNU. Op
dit moment voeren de universiteiten overleg over het Bachelor Convenant
Natuurwetenschappen, waarbij de vraag aan de orde is of zelfstandige bach-
eloropleidingen in de wiskunde (en de natuurkunde en scheikunde) in stand
zouden moeten blijven, of dat zij zouden moeten opgaan in bredere bache-
lorprogramma’s.

Het NWO programma Wiskunde Toegepast heeft tot doel het toege-
past wiskundig onderzoek te versterken. Dat gebeurt in de eerste plaats
door de financiering van promotieonderzoek en post-doc posities. Maar het
programma rekent het ook tot haar taak om activiteiten te ondersteunen
die kunnen bijdragen aan een betere beeldvorming van het vakgebied. De
Studiegroep Wiskunde met de Industrie is een jaarlijks terugkerend evene-
ment dat een uitstekende bijdrage levert aan die beeldvorming en dan ook
van harte wordt ondersteund door Wiskunde Toegepast. Elk jaar zijn het
vooral jonge wiskundigen van de verschillende universiteiten, die het initi-
atief nemen voor de organisatie van de studiegroep. Daarmee laten zij zien
dat de wiskunde een springlevend vak is, dat onmiddellijk toepasbaar is op
concrete problemen uit de praktijk.

Ook in 2002 was de studiegroep weer een groot succes. U kunt zich hier-
van overtuigen door de bijdragen te lezen in deze proceedings. Namens de
programmacommissie van Wiskunde Toegepast wil ik mijn dank uitspreken
aan de organisatoren en aan iedereen die actief heeft deelgenomen aan de
studiegroep. Ik ben ervan overtuigd dat de uitkomsten van deze studiegroep
zullen bijdragen aan het beeld van de wiskunde dat wij allen willen uitdragen:
niet een stoffig middelbare-schoolvak, maar een uitdagend vakgebied, vooral



ook voor aankomende studenten. Die hebben wij nodig om de wiskundigen
op te kunnen leiden waaraan onze samenleving dringend behoefte heeft.

Jos de Smit,
Voorzitter van de Programmacommissie
Wiskunde Toegepast
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Summaries

For the 42nd European Study Group with Industry six problems were
selected. The summaries of these problems are presented here.

1. Artis — cooling overheated fish

The Artis Zoo has a problem in its Aquarium and in the adjacent Zoological
Museum.

Situation:

Part of the Aquarium is a corridor which contains so called mammoth tanks
which measure 5 by 2.5 by 20 meters and are filled with water. Because of
the tropical fish inside, the water should have a temperature of 24 degrees
Celsius. As there is not much daylight, a dozen lamps have been placed just
above the aquarium to make sure the fish inside are visible. However, these
big lamps produce a lot of heat.

Problem:

When in summer time the outside temperature reaches 25 degrees, the tem-
perature in the corridor containing the mammoth tanks increases up to 30
degrees. The water itself becomes 27 degrees, which is too much for the fish
inside. In the neighbourhood of the lamps, the temperature rises to 40 de-
grees. Just under the roof sometimes temperatures of 60 degrees have been
measured. The museum, adjacent to the aquarium, is suffering from the
heat as well: a lot of objects (like stuffed animals) are no longer allowed to
be displayed. There are some fans, but these can not do the job, especially
not if doors are opened to fight the heat.

Question:
How can we change this situation with a minimum of cost and inconvenience
for the visitors, employees and fish?

2. Philips Natlab — compression of audio-signals
Philips Natlab is looking for new ways to compress audio-signals.

Situation:
A new method for the digital representation of high quality audio signals has
been introduced as an alternative to the widely used 16-bit recording format
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used for CD signals. This new method produces 1-bit samples at a rate that
typically is 64 times higher as for CD. For CD the samples are generated at
a rate of 44.1 kHz.

The new method results in a raw audio data volume which is 4 times
as large as for ordinary CD signals. New storage media provide a huge
storage capacity, nevertheless it is beneficial to reduce the required storage
capacity. Since the new format is intended for high quality audio signals,
popular compression techniques that do change the signals, lossy coding, are
unacceptable. This opens up a whole new research area of lossless coding of
1-bit audio signals.

Currently, two main methods have been developed for lossless coding of
such 1-bit audio streams. The first, low complexity, scheme uses an adap-
tive prediction table with run-length residual signal coding. The latter, more
elaborate, scheme uses linear prediction with arithmetic coding of the resid-
ual signal. In combination with buffering techniques, the methods realise
typical average coding gains of 1.3 and 2.1, respectively.

Question:
Can we make compression methods that do better?

To evaluate new proposals, a few short excerpts of 1-bit audio signals
will be made available, together with the coding gains achieved with the
methods mentioned above.

3. Natuur & Techniek — diffusion of euro coins over Europe

On January 2002 twelve European countries have welcomed the euro as
their new coin. The euro coins have a national side, which is different for
every country. On top of that three mini states San Marino, the Vatican and
Monaco have issued coins with their own image. So there are fifteen different
euro coins that can be used in every one of those 15 countries. Therefore,
unlike in the past, the coins will not be collected and brought back to their
home country. The coins will slowly but surely be spreading over the 15
countries. This is the diffusion of the euro, or euro diffusion.

Because the Belgian and Dutch euro coins form only a fraction of the
total number of euro coins, it is to be expected that foreign euros will replace
most of the native euros. Interesting questions are: how quickly will the
foreign euros take the place of the Dutch euros?” How many French coins
will we find in one year’s time in our wallets? But other questions are also
possible!

The diffusion of the euro can be studied in two ways, namely both prac-
tically and theoretically. The practical side consists of organizing measure-
ments done by school classes and individuals in the Netherlands and Bel-
gium.
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For the theoretical side of the problem the science magazine Natuur &
Techniek turned to the Study Group. Unlike the usual way, the problem is
not fixed; during the week of the Study Group, the participants will be free
to raise interesting questions and hopefully answer them as well. Natuur &
Techniek is very interested in the discussion on this problem, and will use
the results of the Study Group in an article. A preliminary article already
appeared in the January 2002 issue.

The eurodiffusion project is an initiative by the Study Group and the
science magazine Natuur & Techniek.

4. Phytocare — better advice to rose cultivators

Phytocare is looking for parameters to grow roses.

Situation:

In Agriculture the key point is optimizing the production at limited costs.
For decennia already, one has tried for the best, and currently one cannot
think of optimizing the production without a computer anymore. In present-
day greenhouses the control of the inner climate is fully automated.

The inner climate could be held constant, but for the optimization of
the production it is necessary to adapt the inner climate to the conditions
outside the greenhouse. The importance of this can be illustrated by the
effect of passing showers: if a rose grower does not anticipate with the,
possibly sharp, temperature decrement that is due, this could mean a delay
of one week for the production. Hence a swift and adequate reaction is of
utmost importance.

Many theoretical models have been made that try to connect the climatic
conditions to the resulting production of the weed. Unfortunately, growers
do not profit much from the insight obtained by the present models. Most
studies aim at one particular type of weed, but the characteristics of various
types often differ significantly. Perhaps even more important: the charac-
teristics are not constant throughout the year, whereas the present models
account for them with fixed parameters.

Problem:

Phytocare thinks of a new approach. The idea is the following. The climate
computer applies specified amounts of moist, light, nutrients, etc. to the
plants in a greenhouse. At the same time, the inner climate is measured
by the same computer: every 5 minutes the computer provides data on a.o.
temperature, humidity and luminiscence in the greenhouse. One thus knows
the previous living conditions of each plant with a precision of 5 minutes.
One can also measure the production per plant per period from the plants
themselves: for tomatoes, for example, the total weight of fruit procuced by
a plant within a certain period can be counted. For roses, the weed most
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of Phytocare’s advises deal with, the production can be measured by the
growth of branches per week; indeed, a branch can be harvest as soon as it
reaches the required length to be sold. Measuring the production can only
be done on a longer timescale. Usually the production is measured every
week.

Using the measured climatic conditions in the greenhouse and the pro-
duction per week, Phytocare would like to find species-specific parameters
for the plants, for example by fitting them to the data. As explained before,
one of the complications is the fact that the climate measurements are car-
ried out every few minutes, whereas the production can be measured on a
weekly basis only. With the parameter values obtained, the approach can
be reversed again: are their rules of thumb to be given to the growers, by
which their climate control can increase the production at reasonable costs?
Different scenarios for advice could be calculated.

Questions:

Can the Study Group make a general model in order to facilitate Phytocare’s
advice to growers? Can growers be advised how to optimize their production
using this model, fitted to the individual grower and his greenhouse by the
above described approach? Or will Phytocare at least be able to find out
under which conditions the photo-synthetic process of the plants is optimal
(optimal production is closely related to optimal photo-synthesis)? Is the
model accurate enough in order to calculate whether, for example, certain
investments in the greenhouse (to optimize the production) will increase the
production sufficiently to justify the investments?

5. Magma Design Automation — component placement on chips
The ’holey cheese’ problem

One of the steps in the design process of chips is the positioning of every
single component or ’cell’ on the chip. The cells are mutually connected by
wires. The wiring scheme is given, and in this phase of the design process
the positioning of the various cells must be determined. Some (relatively
few) cells have a prescribed position.

For the classical positioning problem one considers the chip as a two-
dimensional plane; the cells are modelled by rectangles of various sizes. The
positioning has to satisfy some conditions:

1 the cells must be placed within a certain rectangle (core area),
2 cells are not allowed to overlap,
3 the total wire length must be minimized.

For this problem many algorithmes are known, each one with its specific
pros and cons.
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The problem becomes more difficult when large parts of the core area are
excluded from positioning, often caused by large, functional components that
were placed beforehand (one could think of memory, or components that are
designed by other companies). The remaining ‘free area’ within the core area
is usually comparable to a cheese with holes, or ‘holey cheese’. Obviously,
the cells cannot be placed on the blockages, and this additional requirement
makes the positioning problem significantly harder. For a typical ‘holey
cheese’ the free area is strongly disconnected.

The current algorithmes of Magma DA suffice for more or less convex
areas. However, in ‘holey cheeses’ they often end up in local minima that
are far from optimal.

Question:
How can Magma DA find good solutions in case of holey cheeses?

6. NIOZ — reconstruction of sea-surface temperatures using fossil
marine plankton

The predictive quality of climate models can be enhanced by incorporating
information about temperatures from the past. A number of methods have
been developed to determine the ancient temperatures of the upper ocean,
and one of these is based on the use of deep sea micro fossils.

For many millions of years a large number of species of the invertebrate
group planktic foraminifera have lived in the upper water level of the world’s
oceans. These organisms produce little shells of calcite (CaCO3) that func-
tion as a skeleton. Without changing the isotope ratio of oxygen in the
dissolved CO2 in the ambient water, the water temperature has a direct
influence on the isotope composition in the calcite shells of the plankton.
If one would know the isotope composition of the ocean water, one could
hence deduct the ocean water temperature from the isotope composition in
the calcite shells. The isotope composition of the ocean water from ancient
times is practically unknown, however, and, for theoretical reasons, it’s not
advisable to try to model it either. One way to get around this problem is
to take more than one species of plankton:

The different species of plankton don’t prefer the same ecological condi-
tions. Some are adapted to live under colder conditions than others. One
may hence in principle infer absolute temperature differences from plankton
that has lived during the same time-span in the same water level in the same
region: the isotope ratio of the water remains fairly constant during rela-
tivey short time-spans, but temperatures differ considerably both regionally
and in time. Information could thus be obtained about both average tem-
peratures in a given era, and of the variability of these temperatures. The
variability is quite large, and therefore interesting to know. Other methods
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to determine ancient sea water temperatures only obtain mean temperaturs,
but the NIOZ is interested to obtain variances as well.

Results obtained so far indicate that the isotope composition in the cal-
cite shells are not only determined by the temperature of the water in which
the plankton lived, but also by other ecological influences. For instance, food
availability also has its influences on the relative abundance of the different
species of foraminifera. It is hence difficult to produce direct conclusions
from the isotope composition data from the fossil calcite shells.

Questions:

The challenge now is to construct a model that encompasses the ecology of
the organisms, that can still be used to infer the temperatures of the past
from the isotope composition data found in the deep sea sedimentary record.
It will be very easy to make this model extremely complicated, considering
the number of side effects involved. How can we reduce this to a reasonable
model that still simulates enough of the observed phenomena?
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CHAPTER 6

Reconstruction of sea surface temperatures from
the oxygen isotope composition of
fossil planktic foraminifera

Jan Bouwe van den Berg, Natalia Davydova, Barbera van de Fliert, Frank
Peeters, Bob Planqué, Harmen van der Ploeg, Guido Terra.

ABSTRACT. Knowledge of the historic surface temperature of sea water is of
importance for the calibration of climate models. The oxygen isotope compo-
sition of the shells of several species of planktic foraminifera can be used as
a measure for this sea surface temperature. In this paper we investigate how
mathematical models can contribute to the process of extracting information
about the temperature at which the foraminifera lived from measurement of
the oxygen isotope composition of their shells. A simple model is proposed
which captures both the average and the variability of the temperature. Pre-
liminary findings suggest that this model forms a solid basis for future research.

KEYwWORDS: Historic sea surface temperature, foraminifera, oxygen isotope
composition, mathematical models

1. Introduction

With the ongoing debate on global warming of the last decades, the
need for a solid understanding of the variability of the world’s climate is a
hot issue. To assess such changes researchers often use climate models to
predict the climate of the future. Predictions of future climate conditions
are based upon knowledge of current and past conditions. The more detailed
and accurate this knowledge, the better the prediction. One of the many
components of climate models is the surface temperature of sea water. To
be able to predict sea surface temperatures for the future, knowledge of sea
surface temperatures of the past is thus essential. Here we propose to use the
chemical composition of fossil shells of planktic foraminifera to reconstruct
past sea surface temperatures and their variability. We investigate several
mathematical models that can be used to perform this task.

In sections 1.1-1.5 we discuss various aspects of the background infor-
mation on planktic foraminifera and their dependence on the sea surface
temperature. In section 2 a basic model is presented and the reconstruction
via this model of the sea surface temperature from the experimental data is
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FI1GURE 1. Scanning Electron Microscope image of the shells of
two species of planktic foraminifera: Globigerinoides ruber (left)
and Globigerina bulloides. The shells were collected in the surface
waters of the Arabian Sea. The shells have a diameter of about
300 pm.

carried out in detail. A more sophisticated model describing the population
dynamics in terms of a system of ordinary differential equations is discussed
in section 3 and it is explained how this in principle can be used to analyse
the experimental data. Finally, in section 4 we discuss our findings and give
perspectives on possible further research.

1.1. Planktic foraminifera. Planktic foraminifera are small marine
unicellular organisms with a shell made of calcite (CaCOs). As opposed
to benthic foraminifera which live on the sea floor, planktic foraminifera
float in the upper water column. The shells of planktic foraminifera are
between 50—500 um in diameter and function as their skeleton, see Figure 1.
Depending on the taxonomic perspective (it is not always easy to decide
whether differences are sufficient to justify a division into separate species),
this group of marine microzooplankton comprises about 40 currently living
species [2]. At the end of their life cycle of about four weeks the organisms
reproduce, die, and subsequently sink to the sea floor. Consequently, the
sediments found on the ocean floor contain a large number of fossil shells
of different species. These sediments serve as a geological archive that can
be used to extract environmental information of the ancient upper water
column such as, for example, the sea surface temperature. This is possible
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since the temperature of the ambient sea water is recorded in the oxygen
isotopic composition of the shells during the life cycle of a foraminifer.

A number of methods have been developed to determine the ancient
temperatures of the upper ocean. Such models do not use the chemical com-
position of the shells, but only make use of the relative abundance of different
species. These methods assume that there is a relationship between fossil
faunas found in the uppermost part of the ocean floor sediments and present-
day physical conditions in the ocean (e.g. see [6] and references therein). On
a wide range of observations multivariate statistical techniques are used to
establish a relationship between the relative abundance of different species
and the sea surface temperature. This statistical relationship is then used for
older sediment layers to reconstruct climatic changes over time. They rely
on empirical statistical correlation and do not include ecological information
of the organisms considered. We try to improve on these investigations by
developing a model that encompasses some basic ecology of the foraminifera
and uses the oxygen composition of their shells to reconstruct sea surface
temperatures.

1.2. Oxygen isotope composition of CaCO3 and its relationship
to temperature. There are several naturally occurring isotopes of oxygen.
The main stable isotope is 10, which has a natural abundance of 99.76%;
the next most abundant isotope is '¥0. The oxygen isotope composition of
a substance is given in conventional delta-notation as %o deviation from a
given standard, the so-called PDB standard (that is the isotopic composition
of CO2 gas produced with phosphoric acid from a Cretaceous belemnite
(Belemnitella americana) of the Peedee Formation of South Carolina [14]):

18 16 _ (18 16
51805ample:( O/ O)sample ( O/ O)Smndard-1000 %o.

(180/160)8tandard

The isotopic composition of the calcite shells of foraminifera, 6180, depends
on the isotopic composition of the water in which they live, §'%Oyy, the sea
surface temperature T, and a so-called vital effect 68Oy g (modified after

[4]):
(1)  6"™0¢ = 25.778 — 3.333 - (43.704 + T)%° + 580w + 6'%0y .

The vital effect is a species-specific correction term. Although the mechanims
causing this offset is not well-understood, the vital effect is relatively well-
known from field observations [10]. In this study we assume that the vital
effect for a given species is constant over the sea water temperature range,
i.e. 0 — —30°C. The composition of the sea water varies on a much larger
time scale than its temperature. Thus, if one performs experiments with
currently living organisms, one takes the 680y to be a known constant.
The change in the oxygen isotopic ratio of the calcite shell is about a 0.2%0




94 Jan Bouwe van den Berg et al.

decrease for each degree of temperature increase. This is sufficient for us
to be able to estimate the temperature of the water in which the organisms
lived. Thus, by measuring the oxygen isotope composition of a foraminifer
shell §'80¢, one can determine the temperature of the water in which the
organism built its shell, given the oxygen isotope composition of the sea
water 5180y .

In this study, we make use of the oxygen isotope composition of three
species that live in the uppermost layers of the ocean: Globigerina bulloides,
Globigerinoides ruber and Neogloboquadrina dutertrei. Based on field obser-
vations the vital effect of these species are: —0.41%o for G. bulloides, —0.45%
for G. ruber and —0.01%0 for N. dutertrei. Although these species often
occur simultaneously in tropical waters, their ecology differs considerably.
For example, G. bulloides prefers relatively cool food-rich water, between 3
and 19°C, such as found at high latitudes (Arctic and Sub-arctic) and in
(tropical) upwelling areas. The species G. ruber, however, favours relatively
food-poor and warmer water between 13 and 32 °C, while the temperature
range of N. dutertrei is estimated to be between 15 and 25 °C.

1.3. Towards an Isotopic Transfer Function. The main objective
of this study is to reconstruct sea surface temperatures of the past using
data on the oxygen isotope composition of different species of foraminifer
shells. Equation (1) would be a good first candidate, but cannot be applied
directly because no accurate information on the oxygen composition of the
sea water from past times is available. This makes a direct inference of the
temperature from the calcite composition of an individual shell theoretically
impossible.

Naively, this problem seems to be overcome when we subtract two such
equations by comparing the isotope composition of shells of two species:
this would eliminate the §'®®Ow from the equation. But, apart from the
vital effect 5180y g, the relation (1) is the same for each species. Hence
one does not expect this difference to contain any information. However,
due to differences in the ecological preferences of the different species, the
temperature recorded in their shells according to formula (1) is not the
same for all species. Since the different species of planktic foraminifera do
not prefer the same environmental conditions, the production patterns of
different species will vary in the course of the year. For example, it can be
expected that “cold loving” species will produce their shells preferably during
the cool period of the year, whereas the shell production of “warm loving”
species will be biased towards the warm period of the year. Consequently,
the isotopic composition of a given species reflects the temperature of the
sea water during that part of the year for which environmental conditions
were optimal.
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A single sample from the cores represents about 100 years, whereas the
life span of a foraminifer is a few weeks. For an isotopic analysis of a species
about 20 shells are needed. This means that one only obtains (yearly) aver-
aged values. For each species these averages will be biased towards that part
of the year during which the environmental conditions were most favourable
to them. In an open oceanic setting the §'*Qyy-value is relatively constant on
seasonal to decadal time scales. We therefore may assume that the different
species have experienced the same §'80y,. Hence by subtracting two such
averages the 680y -value drops out. This idea has first been proposed by
[8, 9]. The differences between the isotopic composition of different species,
corrected for their vital effect, must be explained by their difference in cal-
cification temperature. This difference is determined by: 1) the ecology of
the species under consideration and 2) the environmental conditions in the
upper ocean throughout the year. The relation between the environmental
conditions throughout the year and the recorded §'¥Oc-values is called the
Isotopic Transfer Function. The production of foraminifer shells largely de-
pends on the seasonal temperature distribution (annual mean and variability
[10]), but other ecological factors, such as food availability, may have to be
considered as well. It will be easy to make this model very complicated, con-
sidering the number of side effects involved. Hence the ecology incorporated
in our models has to be simplified.

1.4. The Arabian Sea. In order to test our models, we make use of
data from two sediment cores collected from the Arabian Sea [3]. Core 905P
is located in the upwelling area off Somalia (to be precise, 10°46”N ; 51°57”E)
and core 929P is located north of the island of Socotra (13°42”N ; 53°15”E).
We focus on the last 30,000 years, thus covering what is known as the last
Glacial-Interglacial Cycle. Three intervals can be recognised. Measuring
time in units of a thousand years, a kilo-year (ky), and choosing the origin
in the present, these are 1) the time span from 30-18 ky representing the
conditions of the Last Glacial, 2) from 18-10 ky representing the transition
from Glacial to Interglacial conditions (also known as Termination I) and,
3) the time span from 10-0 ky representing the interglacial conditions of the
Holocene. In both cores the §'8O¢ of three species, G. bulloides, G. ruber
and N. dutertrei, were measured. In addition, both cores have an indepen-
dent estimate of past sea surface temperature, derived from the so-called Ué“;
ratio. It is beyond the scope of this paper to discuss this temperature proxy
(an indirect measure for a variable which is not observable directly) in de-
tail, but it is important to remember that it provides a reliable independent
sea surface temperature estimate, that is based on microfossils other than
planktic foraminifera (in this case coccolithophorids). The Ué“; temperature
proxy cannot be related to a certain time of the year or season, because it is
poorly known when these fossils are produced most. For further information
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on this temperature proxy we refer to the work of Ivanova [3] and references
therein.

The present research is in part aimed at obtaining a method of measuring
the surface sea temperature which is independent from the U:,’f% temperature
determination. Another goal is to obtain a measure for the variability of the
surface sea temperature during the year.

The hydrography in the western Arabian Sea is controlled by the mon-
soon system. During summer (June-September) the SW (southwest) mon-
soon winds blow over the Arabian Sea and cause upwelling in the area off
Somalia. This results in lower sea surface temperatures and higher biolog-
ical productivity since cold and nutrient-rich waters are brought to the sea
surface from deeper regions. In winter (December—March), the NE-monsoon
winds blow from the continent to the sea and do not cause upwelling, but
result in convective mixing of the upper layers of the ocean. This also causes
increased biological productivity, but generally does not lower the sea surface
temperature as much as during the SW-monsoon period. The inter-monsoon
periods are characterised by a relatively high sea surface temperature and
low biological productivity. Based on present-day observations [1], it is evi-
dent that the planktic foraminifer shells are mainly produced during the two
monsoon seasons and much less during the inter-monsoon periods. Conse-
quently, it can be expected that the fossil shells found in the sedimentary
record were produced during the SW- or NE-monsoon period. It therefore
makes sense to reconstruct sea surface temperatures of the two monsoon
periods only.

1.5. Secondary calcification. The shells of planktic foraminifera are
mainly composed of so-called primary calcite, a type of calcium carbonate
that is formed during their life in the surface waters of the oceans. It is
known, however, that shells of equal size found in and on the sediments on
the sea-floor often have a higher shell mass compared to the shells found
in the surface layers of the oceans. The main reason for this increase in
shell mass is the formation of an extra calcite layer, also known as secondary
calcite, see e.g. [5]. This crust is formed at the end of the foraminifer life
cycle, at a depth in the ocean where reproduction takes place. For “shallow
dwelling” species, such as considered in this study, this depth level is found
roughly between 50 and 100 meter. At these depths the water temperature
is lower than the sea surface temperature, which thus results in an increase
of the 6'80¢ of the shell. Secondary calcite therefore may mask the §'*¥0¢
of primary calcite. The amount of secondary calcification differs for different
species: N. dutertrei and G. ruber, for example, have more secondary calcite
than G. bulloides. This process obviously obstructs the straightforward use
of the §'80¢ of fossil shells in the calculation of sea surface temperatures.
In this study, we assume that the amount of secondary calcification is a
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constant fraction of the total shell weight, and that this fraction is species
dependent. We also assume that the temperature at which the secondary
calcite is formed has a constant offset from the sea surface temperature.
These two assumptions allow us to correct for the effect of secondary calcifi-
cation on the 6'80¢ of the shells, by subtracting a constant value from each
observation (section 2.2).

2. A simple mathematical model for the production of fossil
layers

In this section two models describing how sea surface temperatures are
reflected in fossil foraminifer skeletons are discussed. The simplest one takes
into account the influence of temperatures only, the other one addresses the
importance of food availability as well. Rather than discussing each model
separately, they will be dealt with simultaneously. Both models consist of
the same components, differing only in the way each component is filled in:

1. Modelling the dependence of foraminifera on environmental conditions
such as sea surface temperature and food availability.

Modelling seasonal variations of the environmental conditions.

The relation between temperature and §'¥O-values.

Prediction of the resulting measurements in fossil cores.

Reconstruction of paleo-temperature from the fossil core data.

B

The following sections mirror these parts of the models. The first component
is discussed in section 2.1.1, the second in 2.1.2. Parts 3 and 4 are combined
in section 2.1.3 and the reconstruction process for sea surface temperatures
is finally described in section 2.1.4. The results of the analysis of the exper-
imental data using this model are presented in section 2.2.

2.1. Description of the model.

2.1.1. Dependence of foraminifera on environmental conditions. In pop-
ulation dynamics many different ways exist to model the dependence of the
population size of a certain species on environmental conditions. In general
these models, of which one possible model is discussed in section 3, may lead
to complicated ((quasi-)periodic, chaotic) behaviour. Even if the system
simply tends to a steady state (depending on temperature), the population
needs time to adjust to changing environmental conditions. In fact, the life
cycle of an individual foraminifer lasts about two to four weeks, so the bi-
ological response of the whole population on a changing environment takes
place on this time scale, or slower. This may well be the reason for the large
amount of scatter in the data [13] showing the relation between population
size and temperature. However, in this simplified model we will assume that
the population adapts instantaneously and is always at its equilibrium size
corresponding to the conditions present. Namely, we assume there is a direct
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Species A || Tin,a (°C) Thax,a (°C) | Ta (°C) 04 (°0)

G. ruber 13 32 32 14
G. bulloides 3 19 11 4
N. dutertres 15 25 20 2.5

TABLE 1. Parameters describing the temperature dependence of
the three different species. The values are taken from [13].

relation between the population size and temperature given by a Gaussian
distribution
(T—Tp)*

(2) PiT)=ase *a

for species A, where T is the sea surface temperature. The temperature
range [Tiin, 4, Imax,4], the optimal temperature T4 and standard deviation
o 4 for the three species we consider can be found in Table 1. The value of
the constant factor a4 depends on the exact definition and units chosen for
P, (population size, density, flux of skeletons, calcite deposited). It does
not seem possible to estimate a4 accurately. Fortunately, its value is not
important in our analysis since this factor scales out of the calculations.

Note that all of these foraminifera die and settle on the bottom of the
ocean, so we can also refer to this P4(T") as the production of fossil shells of
species A. The parameters tabulated in Table 1 stem from present-day mea-
surements [13]. Although it is hard to quantify this due to the large amount
of scatter, it is clear that G. ruber favours high temperatures, whereas G. bul-
loides prefers colder waters. The N. dutertrei species flourishes under mod-
erate conditions. For each species a temperature range, optimal temperature
(for which the population size is maximal) and standard deviation is esti-
mated from the data [13]. The maximum and minimum temperatures are
set to have a distance of two standard deviations from the mean. Outside the
ranges [Tmin,4, Imax,4], the respective species are barely present at all. We
experimented with truncating the production function (2) to zero outside
these temperature ranges, but this did not change the results significantly.
The results in this paper are obtained by using the Gaussian formula (2) for
all T

The production function (2) describes the temperature dependence of
the different species. Another important factor is the food supply. Two
main sources of food can be distinguished on which the foraminifera feed,
phytoplankton and zooplankton. The species G. ruber feeds mainly on zoo-
plankton, G. bulloides feeds mainly on phytoplankton, whereas N. dutertrei
can feed on both, making it less sensitive to the food supply. Sufficient
data quantifying this are not available at the moment. For the moment, the
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Species A || BA KA va A4

G. ruber 0.4 0.03 1 0.8

G. bulloides || 0.2 0.6 0.004 1.9

N. dutertres || 0.6 1.9 16 1.6
TABLE 2. Parameters describing the dependence of the three dif-
ferent species on food availability. The values are estimated from
Peeters, unpublished data.

dependence of the populations on the nutrients is modelled simply by multi-
plying the temperature production function (2) with a food factor, resulting
in

_(r=Ty)?

3 PA(M,N,T) = (pa M*4 + vy NM)e 24
o

where M and N denote the concentration of phyto- and zooplankton re-
spectively (mg-m~3) and k4, A4, pa and v4 are coefficients describing the
sensitivity of species A to the different food sources. In this study we use
the values shown in Table 2 for the parameters x4, A4, pa and v4. They
are rough estimates from experimental data.

A note of caution with regard to the production function (3): to our
knowledge it has not yet been attempted to describe the abundance of fora-
minifera in terms of temperature and food availability, and it may be possible
to improve upon (3) on the basis of further research. For instance, the data
show a correlation between the abundance of the foraminifera and the phos-
phate concentration (which is the main food source for phytoplankton) and
total biomass (essentially the sum of phyto- and zooplankton).

We conclude this section about the behaviour of the foraminifera under
different circumstances by summarising our main assumptions: the popu-
lations are always in steady state and adapt to changes in environmental
conditions instantaneously (a so-called “quasi-steady” model); either the
population density does not depend on food availability and the production
function (2) is used or the population density is influenced by two different
food sources and a food factor is included, see equation (3).

2.1.2. Modelling the environmental conditions. This section deals with
the way we model the seasonal variation of sea surface temperature and food
availability, namely we will consider temperature and food availability as a
function of time throughout the year.

In the introduction it was described already that the Arabian Sea, for
which this model is considered, is strongly influenced by the monsoon system.
It thus makes sense to divide the year into two distinct seasons, the SW-
monsoon period in the summer and the NE-monsoon period in the winter.
A simple temperature model can be constructed by assuming a constant
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temperature in each season. We fix the duration of each monsoon season
at four months. During the inter-monsoon periods, the abundance of the
foraminifera is very low due to the lack of food. Therefore we will neglect the
production of fossils during those periods. The SW-monsoon is stronger than
the NE-monsoon, hence the upwelling induces lower sea surface temperature
in the summer whereas the winter temperature is higher. This is illustrated
in Figure 2; notice that Tvg and 75y are not chosen a priori but will be
deduced from the data. Moreover, we interpret (2) to be valid during the two
monsoon periods while the production P4(7") = 0 in between the monsoons
due to lack of nutrients (hence the temperature in the inter-monsoon periods
is (left) unspecified). Also, only the ratio of the duration of the SW- and
NE-monsoon is relevant for the outcome of the model.

In principle, alternative temperature models are also possible, e.g. [9].
But we have one restriction: for our procedure to work a temperature curve
should be completely described by no more than two parameters. For exam-
ple, a sinusoidal cycle with a mean temperature and an amplitude could be
specified as well. The temperature curve used in section 3 (equation (13))
also depends on two parameters. Here we remark only that this is connected
with the fact that we have data on three species. If we consider k species
we can allow temperature to depend on k — 1 parameters. The reason for
this is discussed in more detail in section 2.1.4. Although the model can
be used with other descriptions of the yearly temperature cycle as well, the
calculations are simplified considerably by assuming two seasons of constant
temperature. We therefore limit ourselves to this description in the current
section:

T = Tsw, during the SW-monsoon (summer),
(4) T = TnEg, during the NE-monsoon (winter),
T = nunspecified, during the inter-monsoon periods.

Having described the temperature dependence on time, the environmen-
tal conditions are sufficiently specified for the simplest model (2) in which
temperature only is considered. For model (3) we need to specify time de-
pendence of the food availability as well.

An accurate description of the food supply is much harder because phyto-
and zooplankton have complicated dynamics of their own, see [7]. In fact,
the phytoplankton consumes inorganic nutrients, like phosphate, which are
brought to the sea surface during an upwelling phase. Zooplankton feeds,
though not exclusively, on phytoplankton. Therefore its bloom occurs only
after the phytoplankton population has begun to develop. We will not try
to model this here. In order to investigate the influence of the food avail-
ability on recorded §'®O-values we simply try to specify the values of M
and N through time, like we did for the temperature. Note that the two-
dimensional food availability function (M (t), N(t)) should depend on at most
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FIGURE 2. The description of the yearly signal of sea surface tem-
perature in the Arabian Sea; two monsoon-seasons at constant tem-
perature, the SW-monsoon during summer and the NE-monsoon
during winter.

two parameters, so each of the components M (¢) and N (¢) may depend on
one parameter only. To simplify the calculations we use the same two sea-
sons as before, assuming that the phytoplankton is present in the summer
season only, whereas the zooplankton is present the whole year round (Fig.
3). This is based on field observations showing that the abundance of phyto-
plankton is much lower during the winter monsoon than during the summer
monsoon period.

This concludes the modelling of the environmental conditions. For the
model without nutrients, only the temperature dependence (4) (Figure 2) is
used. The other model uses the same temperature model and incorporates
the food availability description as in Figure 3:

()

M = Mgsw, N = Npons during the SW-monsoon (summer),
M = 0, N = Npons during the NE-monsoon (winter),
M,N = 0, during the inter-monsoon periods.

2.1.3. The resulting core data. This section deals with the main ingre-
dient of the model: how do the previous two sections relate to the data we
measure in the cores? Two aspects of foraminifera skeletons are measured in
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(a) Phytoplankton availability (b) Zooplankton availability

FIGURE 3. Description of the yearly cycle of food availability for
the foraminifera: (a) The phytoplankton is assumed to be present
only during the SW-monsoon (summer). (b) The zooplankton is
assumed to be equally available during all seasons.

the cores, the relative abundances of the different species and the mean §'20-
values for each species. In principle it is possible to obtain absolute fluxes
for each species instead of relative abundances by measuring the amount
of deposited skeletons per period of time. However, these absolute fluxes
are less reliable because to determine them one also needs to estimate the
age of the core (for example by radioactive carbon measurements). There-
fore, relative abundances are more commonly used to express the results of
measurements.

In our model the production functions P4 from equations (2) or (3) de-
scribe the number of skeletons that settle on the bottom of the ocean. The
total production of one species during a year will be the integral of P4 over
this period. In the cores, separate years, let alone separate seasons, can not
be distinguished. So the measurements in the core show averaged produc-
tions over several years. From the model the relative abundances are found
by dividing the yearly production of one species by the total production of
all species together. This leads to
© _ [ Pa(M(t), N(2), T (1)) dt
f (Prub + Pbul + Pdut) dt
for the relative abundance of species A, with the obvious need to suppress
M (t) and N (t) from the notation if (2) is used.

Moreover, the §'®O¢c-values of the fossil foraminifera can be measured.
As was explained in section 1.2, the oxygen isotope composition in their
skeleton reflects the temperature at which they lived, according to formula
(1). It can be measured in the core as well, for each species separately.
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Because it is not possible to measure it for a single foraminifer, only averaged
values over several years can be recovered. This average §'%O¢-value is
weighed by the number of skeletons produced in different periods (and hence
reflects the conditions under which the respective species flourishes). This
average for species A reads

[ 8804 (T(t),6"0w) Pa(M(t), N(2), T (1)) dt
[ Pa(M(t), N(t),T(t))dt
again with the obvious change of notation if (2) is used. Because §'¥Oyy

appears in equation (1) in a linear way, it can be pulled out of the averaging.
Hence

(7) 01804 =

31804 = (6"°04(T(t), 6'*0w)) 4
®) = (F(T))a+ (8"0w)a
= (f(T))a + 6" Ow

where we define the (species dependent) averaging (-)4 abbreviating the
integrals and

(9) f(T) = 25.778 — 3.333 - (43.704 + T)%%.

Note that we incorporated the correction for the vital effect 6180y g in 680 4
without a change in notation. This will be done throughout the remainder
of this section, except in Figure 4. The final equality is based on the fact
that 680y does not change much over years so we can assume that it was
the same in all seasons.

2.1.4. Reconstruction of sea surface temperatures. Equations (6) and (8)
predict the outcome of core measurements according to our models. In this
section all ingredients of the two models discussed in sections 2.1.1 to 2.1.3
are put together. By working out the equations (6) and (8), we find the
Isotopic Transfer Function, i.e. the influence of the environmental conditions
on the oxygen isotope composition and the relative abundances.

First consider equation (8). It contains the unknown background value
580w, which is the same for all species. Therefore the §'8Oyy-value can
be eliminated by subtracting the §'®O-values of two species. For the three
species G. ruber, G. bulloides and N. dutertrei this leads to two independent
differences

680pus — 0804wt = (f(T))our — (f(T))dut,
5180bul - 51801’ub = (f(T)>bul - (f(T)>7‘ub

The right-hand sides of (10) depend on Tsw, Tng, Msw and Npons. The
left-hand sides of (10) can be found from the core measurements. Hence this
provides us with two equations for Tsw, Tng, Msw and Npons.

The three relative abundances sum up to one (Xpup + Xbul + Xdut = 1),
so only two of them are independent. Hence, when we fit the outcome of

(10)
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the model to the measured relative abundances we have again two indepen-
dent equations. This implies that if only 6'8O-values are used the maximum
number of independent parameters that can be recovered is two, while if
relative abundances are taken into account as well, four independent param-
eters can be determined. This is the reason why relative abundances have
to be considered as well when using model (3), incorporating the influence
of two types of food sources and why no more than a single parameter per
food source could be used in section 2.1.2.
Working out the model without food availability leads to
%f(TSW)e_(TSW_TA)2/2U,24 + %f(TNE)e—(TNE—TA)Z/QUi

(f(T))a= I

ﬁe—(Tsw—TAP/?ai + %e—(TNE—TAV/?Ui

for species A. The integrals have been evaluated easily because we assumed
two seasons of constant temperature. The parameters T4 and o4 of the
Gaussian temperature distribution are taken from Table 1, the factor a4
from equation (2) drops out and f(T) is given by equation (9). The two
unknowns are Tsy and Tn g, which of course are the same for each species.
Hence substituting this in equation (10) leads to two equations for two un-
knowns. They must be solved numerically in order to obtain Ty and Tyg
from the measured §'80-differences.

The equations for the model incorporating the effect of food availabil-
ity are more elaborate. The integrals simplify again due to the assumption
of two seasons with constant environmental conditions. There are four un-
knowns, Tsw, Tng, Mgw and Ny,ons. Four equations are obtained by con-
sidering the relative abundances (6) as well, for two species. It will come as
no surprise that these equations (10) and (6) have to be dealt with numeri-
cally as well.

We implemented these equations in Mathematica and in MATLAB, the
latter appearing faster and more robust. The results are discussed in section
2.2. Note that, for reasons of numerical robustness, we did not use standard
root finding routines to solve equations (10) and (6). Instead, we used a
least squares method: we have taken the differences between left- and right-
hand sides of the system of equations (10) and (6) and considered the sum
of squares of these differences. The resulting function was minimised with
respect to the variables to be solved for: Tsy, Tng, Msw and Nyons. Of
course, if the system has a solution, the minimum is zero.

Finally, note that in principle it is possible to work out the model with
other temporal behaviour of the environmental conditions. The resulting
integrals will be more difficult to evaluate and have to be calculated numeri-
cally as well. However, as long as the number of parameters describing them
equals the number of equations, it will generally be possible to recover them
in the same manner as described above.
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2.2. Results of the simple model. In this section the results of the
models are discussed. As input data from two cores are used, core 905P
and core 929P, see section 1.4. The §'80¢-values measured for the three
different species G. bulloides, N. dutertrei and G. ruber are shown in Fig-
ure 4(a) and 4(b).

A striking aspect in these figures is the clear decrease in §'8O¢-values at
the transition between the glacial and interglacial period, around 15 thou-
sand years ago. First this was interpreted as the result of increasing tem-
perature, but it appeared to be strongly influenced by the change in the
background value 60y, see equation (1). The melting of polar ice-sheets
caused §'%Oyy to decrease significantly.

Another aspect is that although the difference between the different
species is partly due to the vital effect 680y g, differences between the
species remain present after correcting for it. We precisely aim to describe
these differences with our models.

The first results using the model (2) without food availability, are shown
in Figure 4(c) and 4(d). As an independent reference Uf;-temperature (see
section 1.4) is shown as well. These results should be rated as unreliable.
It is highly unlikely that such sudden and vigorous variations in summer
and winter temperature have occurred. The changes in summer and win-
ter temperature are expected to be comparable to the changes of the Ué“;—
temperature. Moreover, there seems to be a preference for a temperature
of about 20.5 °C', with exactly coinciding summer and winter temperatures,
hence no temperature variation. If there would be no temperature varia-
tion during the year, all species would have recorded the same temperature,
hence the same 6180 (after correction for vital effect). This is not consistent
with the data, which do show differences between species. The reason for
these inconceivable results is illustrated in Figure 5(a); the measured §'80-
differences lie outside the range that can be explained by our model. The
problem is that the data suggest that G. ruber and N. dutertrei record a
lower temperature in their oxygen isotope compositions than G. bulloides,
whereas in our model the optimal temperature Tj,; is smaller than both T},
and Tigy;.

Figure 5(a) shows the space of §'®O-differences. The lines show the
model results where the temperature of one of the seasons is fixed. The
same model results are shown in Figure 5(b) with lines of constant mean
temperature Trean = %(TSW +TnE) and variation AT = Tyg —Tsw. From
these figures it would be possible to read the temperatures responsible for
certain core measurements. A measurement on the intersection of two lines
would, according to the model, have been produced by the corresponding
temperatures. The lines for constant variation AT are almost horizontal.
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FIGURE 4. The raw §'80¢-data after [3] for (a) core 905P and (b)
core 929P, and the resulting temperatures for model (2) without
food availability for (c) core 905P and (d) core 929P.

This means that the temperature variation is recorded mainly by the ver-
tical difference 6804y — 680,44 with only a moderate correction for mean
temperature, confer [11]. The §'8O-differences do not depend on mean tem-
perature much, except in the range 19-21 °C, which is around the optimal
temperature of N. dutertrei.

The fact that most measurements are not within the range of the model
explains the bad results that were shown in Figure 4(c) and 4(d). In par-
ticular the points where the temperatures Tsy and T were found to be
equal, is related to this and with our use of least squares: the origin (0,0)
without difference between species is an extreme point and is the closest the
model can get to many of the measurements.

We propose to expand the model to be able to explain the observed
measurements. Let us see what happens when we include food availabil-
ity in the model. This might cause the production patterns to be changed
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FIGURE 5. Space of §'8O-differences, corrected for Vital Effect.
The measurements from core 905P are indicated by circles, from
core 929P by squares. (a) shows the measurements and model
predictions for temperatures Tyg ranging from 15-25 °C, Tsw
from 18-35 °C. (b) shows the same model predictions but as a
function of mean temperature from 18-26 °C and seasonal dif-
ference from 0-14 °C. (c) shows the influence of food availabil-
ity showing the same as (a) for Mgy = 10,20, 50,10, 20,50 and
Npean = 20,20,50,50,50,100 respectively. (d) shows the same
as (a) with a translation (attributed to secondary calcification) by
which all measurements are within the range of the model predic-
tions.

such that they record other temperatures than was to be expected when
temperature only would play a role. However, this seems to be of minor
influence. In order to illustrate this, Figure 5(c) shows the model pre-
dictions for §'80-differences under several conditions. In fact, the same
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temperature ranges Tsy =15-25°C, Tyg =18-35°C as in Figure 5(a) are
shown for six different values for the food parameters: (Mgsw, Nmean) =
(10,20), (20, 20), (50, 50), (10, 50), (20,50) and (50,100). Dotted lines show-
ing the predictions without food availability are also included. This figure is
barely readable, but the important thing which should be noted from Figure
5(c) is that the region of possible §'®O-differences covered by the model is
hardly enlarged by the incorporation of food availability. Although the in-
clusion of food availability in the model is at present fairly rudimentary and
could be made more sophisticated, the first indications are that the nutrients
do not solve the problem!

Another explanation for the difference between our model results and
the measurements is the fact that secondary calcification may occur, as is
explained in the introduction, section 1.5. The model described so far, pre-
dicts the 680¢-value of shells that are free of secondary calcite. At the
end of their life cycle, they settle down on the bottom of the ocean. In
this period their oxygen isotope composition will increase due to secondary
calcification. Therefore, the §180-differences differ from the ones predicted
by our model. To compensate for this, quantification of the process of sec-
ondary calcification for each species is necessary. Although accurate data are
not available yet, a rough estimate of the correction terms needed is in the
order of 0.5-1.0%0 for G. ruber and about 1% for N. dutertrei. The species
G. bulloides however hardly experiences secondary calcification, so it can be
expected that no correction term is needed for this species.

Comparing the model predictions to the observed measurements, Fig-
ure 5(a), we found that a minimum correction of 1.07%¢ for the difference
8"80pu1 — 6180 gyt and 0.82%o for 6180y — 880, is needed to ensure that all
measurements are contained within the region of model predictions. These
values compare well to the roughly estimated values. Because it is compli-
cated to quantify the effect of secondary calcification with great accuracy,
we will use these pragmatic correction terms for now. The result is shown
in Figure 5(d). Of course, all measurements can be reached by the model
now. The results for the model after correcting for secondary calcification
are shown in Figure 6, for core 905P in the left column, for core 929P in
the right one. The upper two plots 6(a) and 6(b) contain the results using
model (2), including temperature effects only. Figure 6(c) and 6(d) show
the results using model (3), incorporating food availability as well. In that
case, we also solve for the parameters describing the food sources, Mgy and
Ninean, which are shown in the lower two figures. For three measurements
in core 929P the routine searching for the least squares minimum failed to
converge. These points are marked by stars in Figure 6(d). Though marked
as suspect, they do not seem to be very different from the other points.
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FIGURE 6. Results of the models after correcting for secondary cal-
cification by a translation. The recovered sea surface temperatures
using model (2), without food availability, are shown in (a) for core
905P and in (b) for core 929P. The temperatures using model (3),
with food availability included, are shown in (c) for core 905P and
in (d) for core 929P. The corresponding concentrations of phyto-
and zooplankton are shown in (e) for core 905P and in (f) for core

929P.
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The results shown in Figure 6 are much more plausible than those in
Figure 4. The summer and winter temperatures Tsy and Ty g change a few
degrees only and rapid oscillations as in Figure 4 do not occur. This is what
should be expected. The results show an increase in seasonal variability from
the glacial to the interglacial (present) period. This can be explained by the
fact that there are indications that upwelling has increased in this period.
This causes the sea surface temperature to be lower during the SW-monsoon,
in the summer, because of enhanced upwelling. Moreover, the solar radiation
is higher during the interglacial period. Therefore the temperature in the
NE-monsoon period has increased. Both effects are clearly visible in core
905P. Core 929P is taken at a different spot in the Arabian Sea, where
upwelling is less important. Cold water reaches this spot by advection from
other regions. As a result, the decrease in SW-monsoon temperature is less
pronounced.

For both cores the sea surface temperatures we find are lower than U%-
temperatures. There may be several explanations for this. Foraminifera live
at about 30 m depth, hence in a colder environment than immediately at the
surface where Ué“;—temperature is recorded. According to [11] about 1.3-1.7
°C should be added to the temperatures recorded by foraminifera. In that
case, the U:f%—temperatures would be included in the yearly temperature
range calculated through our model. Another explanation might be that
the coccolithophorids—the microfossils used for Ué“;—temperature—live in
another season. If their ecological preference would be during the inter-
monsoon period, they would certainly record higher temperatures than the
foraminifera, which live mainly during the monsoon periods. Finally, it may
well be necessary to improve our implementation of secondary calcification.

The sharp decrease in (winter) temperature in Figure 6(a) about 18 ky
ago is diminished considerably in Figure 6(c). Apparently, this peak can be
attributed to a nutrient effect not taken into account in Figure 6(a). The
positive peak in both winter and summer temperature at about 25 ky ago
in core 929P probably is an outlier.

The results in Figure 6(e) and 6(f) are fairly consistent with present-
day measurements, which show the concentration of phytoplankton M to
vary between 2-60 mg-m~> whereas the concentration of zooplankton N is
somewhat higher between 9-90 mg-m~3. The model results show Nyeqn to
be larger than Mgy as well.

Although the absolute value of Mgy and Nyjeqn sSeems to be quite plau-
sible, there is one aspect which should make the results in the figures 6(c),
6(d), 6(e) and 6(f) completely unreliable. The crosses in Figure 6(e) and 6(f)
indicate that the corresponding value for Mgy found by the model is nega-
tive (the plot shows its absolute value)! This is clearly problematic from the
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biological point of view and demonstrates that the model should be investi-
gated further before we can draw conclusions from it. Finally, a quick glance
at Figure 6 suggests that there is a correlation between the Ué“%—temperature
and the temperature Tsy during the SW-monsoon season. This needs fur-
ther investigation as well.

3. A population dynamics model

The reconstruction of the sea surface temperature has so far been based
on the assumption that the population adapts instantaneously to the changes
in its environment. In this section we take a different approach and formulate
a dynamic model consisting of a system of ordinary differential equations
(ODEs) describing the populations of the three types of foraminifera and
their food sources. Such an ODE model is very flexible and can easily be
amended to include many different phenomena if desired. Here we restrict
to the effects caused by changes in temperature and food availability.

In particular, during the southwest monsoon there is a strong growth
in the populations of the foraminifera (and a corresponding increase in the
flux of foraminifera shells to the sea floor [1]). This growth is caused by the
upwelling of cold nutrient-rich water near the coast. The flux of some species
depends strongly on the availability of these nutrients, while other species
seem to respond mainly to the temperature variation. This information can
be used to obtain a more detailed picture of the life cycle of the foraminifera.

The objective is to construct a population dynamics model for the various
species of foraminifera and food sources. As is known in case of one single
food source, there will be a survival of the fittest so that only one species
will remain after some time (“competitive exclusion”, see e.g. [12]). It is
therefore crucial that the model encompasses at least two different food
sources for the populations. We propose a population model for the three
species G. ruber (R), G. bulloides (B), and N. dutertrei (D), feeding on two
food sources (phyto- and zooplankton) which we call M and N as before.
The aim of the model is to see what the effect of the upwelling during
the southwest monsoon can be. As mentioned before, the ODE model also
provides the opportunity to analyse the influence of additional effects, such
as the northeast monsoon, the role of plankton as a primary food source or
external effects such as the moon cycle.

We give here the simplest model with only growth and death terms for
the populations R, B and D and their food sources M and N. We assume
that R and D feed off N, while B and D live off M (see section 2.1.1). The
growth of the species is determined by availability of food, by the carrying
capacity of the species, and by the preferred temperature. We assume, as be-
fore, that each species has a preferred temperature, denoted T for G. ruber,
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and a corresponding spread in temperature modelled by a standard devia-
tion or. The growth term of the food sources N and M is dominated by the
upwelling, and we will model this as a function of the temperature change.
We denote the growth functions by Gj; and Gy for the moment and choose
a specific function later. The ODE model then reads:
R = apN{(R) Le=(= Tr)*/20% _ BRR,
B = apM{(B ) Le (T Ts)*/20% _ BB,
D = j(apuM + aDNN> (D) gpe= T T0)20h — gpD,
M = Gu(T) — MBME( ) L e (T TB) /20%

—MDMME( ) = e—(T=Tp)*/20},
N = Gn(T) - RNE(R) L e~ (T TR)" /204

—MDNNK(D) (T Tp)*/20%,
The function ¢ in this model is usually assumed to be a simple linear term
¢(R) = R, or logistic £(R) = R(k—R), but in order to control the population
without restraining it entirely, we have chosen ¢(R) = with kgr the

(11)

_ _ TFR R
carrying capacity.

The model contains a large number of parameters, but some of the pa-
rameters can be scaled out while for others a typical physical value can be
chosen. Since the life cycle of the populations is around 4 weeks, we choose
all the -values to be equal, § = 13 (since our unit of time is a year and 4
weeks is roughly one thirteenth of a year). The population of G. bulloides is
around four times as large as that of G. ruber as well as N. dutertrei, under
similar circumstances, so we choose agr = apy and ap = 4apys. The data
for the preferred temperatures and the sensitivities to the temperature are
known from experiments, see the columns 7' and ¢ in Table 3. So now when
scaling R with pugr, B with ug, D with upy, M with apy, N with apy,
then this reduces the model to the following scaled version:

(12)
R = N{(R) Le (T-Tr)*/20% _ R,
R _
B = 4MU(B) e (T-T5)*/20% _ B,
. B _
D = §(M+ N){(D) % e (TT0)"/20h — 6D,
M = Gu(T) — MUB) Le=(=16)"/275 — iMe(D)
N = Gn(T) — NUR) Le(T-Tr)?/27% — Ny(D) L

%e (T—TD)2/20’2D7
e (T—Tp)?/20%,
Here i = “DM and the new carrying capacities are scaled by the correspond-
ing ,u,—values
Now the only terms that need to be specified are the temperature and
the nutrient increase due to the upwelling. We couple this nutrient increase
directly to a rise in food availability (because the inorganic nutrients are
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FI1GURE 7. Temperature profile and nutrient upwelling for v = 0.5
(left) and v = 1. In both graphs Ty = 24.8°C and T}, = 4°C.

consumed by the plankton). Since the upwelling causes a decrease of the sea
surface temperature, we choose to simplify the modelling of the upwelling
by specifying a temperature profile and by making the nutrient growth a
function of temperature decrease only. To be specific, we take

GN(T) = —vwH(-T)T
(13) Gu(T) = —vy H(-T)T
T(t) = To + 1Y — Ty, sin 2t (1 + v sin 27t)

with H the Heaviside function, ensuring that only temperature decrease is
related to changes in the nutrients while temperature increase has no effect.
The parameter « is a measure for the relevance of the northeast monsoon.
Its effect on the nutrient growth is shown in Figure 7.

We study the behaviour of the populations and try to find the mean
temperature Ty and the temperature variation 7} by matching the results
from the ODE model with the data from the oxygen isotope compositions.
The remaining parameters in the model are the three carrying capacities k,
the value of i (which we arbitrarily fix at 1) and the food growth parameters
vy and vy (the coupling constants between nutrient upwelling and plankton
increase in (13)). We describe various test results in the next section.

The sensitivities ¢ to the temperature can be obtained from measure-
ments on their temperature ranges, see Table 3. The values of the other
parameters are much harder to determine. Therefore we will follow a differ-
ent approach. We will set these parameters in such a way that the model
(12) and (13) describes the measurements of the current foraminifera levels
as accurately as possible.

3.1. Dynamics. We are looking for solutions to (12) that are periodic
with a period of one year. This means that we can derive all relevant quan-
tities from this solution by integration over one year.

A priori one cannot expect that the system converges to such a periodic
solution. However from the numerical simulations we performed it becomes
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Species A || Thin (°C) Tax (°C) | T4 (°C) 04 (°C)

G. ruber 15 30 25 2
G. bulloides 0 24 12 6
N. dutertres 15 23 20 2.5

TABLE 3. Parameters describing the temperature dependence of
the three different species under consideration. We note that these
values are slightly different from those in Table 1 due to an a pos-
teriori change in the value of the constants, a typical phenomenon
for a studygroup problem indeed.

clear that for most parameter values there exist a periodic solution to (12).
Furthermore the convergence towards this periodic solution is in general
quite fast, see Figure 8. Note that in that simulation we started with initial
conditions far from the final periodic solution.

We assume that the climate only changes over long periods. Over the
relatively short period of the simulations there will be small variations in
the climate. These variations however average out, so we will take the a
fixed yearly temperature cycle. We remark that the fast convergence to
the periodic solution means that the system adapts almost instantly to the
changes in the climate.

Apart from the periodicity of the solution, we impose just one other
condition which is derived from the present-day situation. Under the current
climatological conditions (Tp = 24.8°C, T, = 4°C) we know that all three
species are present. Therefore we adapt the food growth parameters v in
such a way that for this temperature profile, the three species coexist. This
leads to the choice vy = vy = 20.

In Figure 9 we see that the three species react in different ways to the
environmental conditions: G. bulloides and N. dutertrei have a single growth
peak during the SW monsoon when the temperature is closest to their pre-
ferred temperatures. On the other hand the preferred temperature of G. ru-
ber is met twice halfway the transition between the two monsoon periods.
Therefore this species has two periods of growth. The second peak is smaller
because there is less food available.

3.2. Getting temperature information from the model. During
its life the plankton records the temperature of the surrounding sea water in
its shell. We can find the average temperature that is recorded by integration
over the population over time. Since the populations are periodic we only
need to integrate over one year.

There are two different ways to describe the way in which the tempera-
ture is recorded in the shells. On the one hand we can assume that the shell
is built over the full life span of the creature. We can find then the recorded
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F1GURE 8. The convergence of the system towards a periodic so-
lution, starting with arbitrary initial conditions. The left graph
shows the population of N. dutertrei (solid) and of G. ruber
(dashed). The dotted line shows the temperature profile. The
graph on the right shows the food sources M (dashed) and N
(solid) in the same simulation. Parameters: T4 and o4 as in Ta-
ble 3, £ = 10, vy = 20, vy; = 20. Initial values: N = M = 1,
R=B=D=10.
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FIGURE 9. The final populations of N. dutertrei (solid), of G. ruber
(dashed) and of G. bulloides (dash-dot) of the simulation in Figure
8. The dotted line shows the temperature profile.

temperature by calculating the average living temperature:

Jivear RE)T(t)dt
(14) T"ec N <T>R N gfflyear R(t)dt

On the other hand we can assume that the shell is only produced during
a short period after the birth of the animal. To calculate the recorded
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using (14) using (15)
Species A H T4 (°C) ‘ Tree (°C) dp—62a ‘ Trec (°C) Op—62a
G. ruber 25 24.56 - 25.01 -
G. bulloides 12 22.35 -0.48 20.94 -0.89
N. dutertrei 20 22.24 -0.51 20.75 -0.94

TABLE 4. Temperatures recorded by the three species. The differ-
ences in §'80 are calculated using (1).

temperature we need to find the average reproduction temperature

Pr(t)T(t)dt
(]-5) Trec = <T>R = flyear R( ) ( ) ’
flyear PR(t)dt
where
1 _<T—T;R>2
Pr(t) = NU(R) —e  *%
OR

The result of the first evaluation is less sensitive to temperature effects,
because the slow decay (e~5¢) after a growth peak leads to an averaging out
effect. In Table 4 we list the calculated temperatures for the simulation in
Figure 9.

In Figure 10 we plot the recorded temperature as a function of the aver-
age sea water temperature Ty. The behaviour of the G. ruber population can
be explained as follows. At low temperatures G. ruber will primarily grow
during the NE monsoon when the temperatures are relatively high. There-
fore at low temperatures G. ruber will record the maximum temperatures.
At very high temperatures G. ruber will prefer the SW monsoon with its
relatively low temperatures in combination with the large amount of nutri-
ents present. In between these two regimes there is a transition around the
optimal reproduction temperature of the species at 25°C. The decrease in
the recorded temperature in the transition region is explained by the avail-
ability of food. These effect are less pronounced in the left graph because of
the averaging out effect.

3.3. Reconstruction of historic temperatures. To use this model
for reconstruction of historic temperatures we perform a series of simulations
on a grid of values for Ty and Tj. From each of the calculated populations
we can then calculate the 680 values recorded by these populations. These
values are matched to the measured values. Note that since we know only
two values from the measurements, we can only reconstruct two of the three
variables we used to describe the temperature profile (13). Therefore we
need to fix the value of 7 and we cannot reconstruct the relative strength of
the NE monsoon.
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FIGURE 10. Response of the system to changes in the average tem-
perature Ty. All other parameters are kept constant. (a) and (b)
shows the average temperatures recorded by the three species, (a)
is calculated using (14) and (b) is calculated using (15). The dotted
lines in these figures show the average temperature and the min-
imum and maximum temperatures. (c) shows the relative abun-
dance of the species and (d) shows the resulting differences in §180-
values: (1) 6'¥0r—6'®0p using (14); (2) 680 —6'80p using (14);
(3) 6180k — 0'80p using (15); (4) 6180k — §'80p using (15).

As a demonstration of this method we calculated the two 680-values
on a uniform rectangular grid in (T, T}) space. In Figure 11 we draw the
contour graphs of the two resulting §'%0 differences. So, if for example
measurements give values of 6'80g — §'80p = —0.75 and 6'80r — 6'80p =
—0.50 we can reconstruct the historic temperature at the intersection of the
corresponding contours in Figure 11. This approximately results in Ty =
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Seasonality

Average Temperature Average Temperature

FiGURE 11. Contour graphs showing the effect of the average tem-
perature and seasonality on the §'30 values. All other parameters
are kept constant. The left graph shows 6'®Og — §'80p, the graph
on the right shows 6'®0x — §'80p. Notice that these are related
to the §'®O-differences in Figure 5(a) via a linear transformation.

21°C and T} = 3.7°C. Note that in this demonstration it is possible to
estimate such intersection points only in a small part of the (Tp, T;) domain.
In most of the domain the contour lines are practically parallel, which makes
it difficult to determine where they intersect, yielding inaccurate results.

It is possible to use the dynamic model to reconstruct the historic sea
surface temperature analogous to the detailed results obtained for the basic
model in section 2 (see Figures 6(a) and 6(b)), but we have not been able to
pursue that here because of limited time resources.

4. Discussion

Several detailed suggestions for further research are spread throughout
the paper. Here we draw some more general conclusions.

e The interdisciplinary approach has been very beneficial in gathering new
viewpoints. The use of even a fairly simple mathematical model can make a
significant contribution in the determination of the sea surface temperature
on the basis of the oxygen isotope composition of foraminifera.

e The model proposed in section 2, which incorporates seasonal effects, is a
substantial improvement on models in which only the average temperature
is considered.

e In order to obtain reliable quantitative information from the mathematical
model(s) it is essential that the ecology of the foraminifera is understood
in more detail.

e The incorporation in the model of effects related to nutrients and food
availability does not lead to improvements; in fact the outcomes give un-
realistic (negative) amounts of plankton. This may be due to the way
the food availability is incorporated in the model; further investigation is
necessary.
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The process of secondary calcification (see section 1.5) can explain some of
the present discrepancies between the experimental data and the outcomes
of the model. However, quantitative information about this process is
needed before a final conclusion can be drawn on this matter.

Overall, the basic model of section 2 seems reasonable in its simplicity and
the results agree (at least) qualitatively with what is known and expected.
As a next step we suggest that an attempt is made to obtain more reliable
values for the parameters in the model.

The dynamic model, a system of coupled ordinary differential equations
(see section 3), is a nice mathematical toy to investigate the influence of
a variety of effects. The model is robust in the sense that the solution
converges quickly to a yearly periodic cycle for a large range of parameter
values. In principle it can be used to estimate the temperature and its
variability from the experimental data. However, at present the level of
sophistication of the ODE model is not in line with the relatively poorly
constrained parameters derived from field observations and experimental
data.

From a scientific point of view it is essential that the sizes of the errors
in both the experimental data and the values of the ecological parameters
are determined. They should be taken into account when judging the
reliability of the results of the analysis. This is also related to the amount
of information that can be extracted reliably from the data.
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